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Abstract
It is known that x(xs − a)(q
m−1)/s with a ∈ F∗qn is a permutation polynomial of Fqn if and only if a
is not a s-th power of an element of F∗qn . In this paper, the inverse of f(x) on Fqn is presented. In
particular, explicit expressions of inverses of x(x2 − a)2, x(x3 − a)2 and x(x2 − a)3 are given.
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1. Introduction
For a prime power q, let Fq denote the finite field with q elements, F
∗
q = Fq \ {0}, and Fq[x] the
ring of polynomials over Fq. A polynomial f ∈ Fq[x] is called a permutation polynomial (PP) of
Fq if it induces a bijection from Fq to itself. Hence for any PP f of Fq, there exists a polynomial
f−1 ∈ Fq[x] such that f
−1(f(c)) = c for each c ∈ Fq or equivalently f
−1(f(x)) ≡ x (mod xq − x),
and f−1 is unique in the sense of reduction modulo xq − x. Here f−1 is defined as the composition
inverse of f on Fq, and we simply call it the inverse of f .
The problem of explicitly determining the inverses of these PPs is a more challenging problem.
In theory one could directly use the Lagrange interpolation formula, but for large finite fields (the
useful cases cryptographically) this becomes very inefficient. In fact, finding the inverse of a PP of
a large finite field is a hard problem except for the well-known classes such as the inverses of linear
polynomials, monomials, and some Dickson polynomials [4]. There are only several papers on the
inverses of some special classes of PPs, see [4, 6, 10, 18] for PPs of the form xrh(x(q−1)/d), [7, 12–
14, 16] for linearized PPs, [2, 15] for two classes of bilinear PPs, [11, 18] for generalized cyclotomic
mapping PPs, [1] for involutions over F2n , [18, 19] for more general piecewise PPs, [8, 9] for more
general classes of PPs. The general results in [8, 9] also contain some concrete classes mentioned
earlier such as bilinear PPs [15], linearized PPs of the form L(x) + K(x)[7], and PPs of the form
x + γf(x) with b-linear translator γ [3]. For a brief summary of the results concerning the inverses
of PPs, we refer the reader to [17] and the references therein.
In this paper, the inverse of PP x(xs − a)(q
m−1)/s with a ∈ F∗qn on Fqn is presented, inspired by
the idea in [4, Lemma 4.9]. In particular, explicit expressions of inverses of x(x2 − a)2, x(x3 − a)2
and x(x2 − a)3 are given.
2. Inverse of large class of PPs
In this section, we consider the inverse of PP f(x) = x(xs − a)(q
m−1)/s on Fqn .
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Theorem 2.1. [5, Exercise 7.5] Let f(x) = x(xs − a)t, where a ∈ F∗qn and st = q
m − 1. Then f is
a PP of Fqn if and only if a is not a s-th power of an element of F
∗
qn .
We use the notation (a, b) to represent the greatest common divisor of a and b. Then we have
the following corollary.
Corollary 1. Let f be as in Theorem 2.1. Then f is a PP of Fqn if and only if a
(qn−1)/s¯ 6= 1, where
s¯ = (s, qn − 1).
Proof. The element a is a s-th power of an element of F∗qn if and only if a ∈ (F
∗
qn)
s = (F∗qn)
s¯, and
the latter is equivalent to that a(q
n−1)/s¯ = 1.
In order to find the inverse of f in Theorem 2.1, we need the following theorem.
Theorem 2.2. [12, Theorem 2.1] Let L(x) = xq
m
− ax, where a ∈ F∗qn and 1 ≤ m ≤ n− 1. Then
L is a PP of Fqn if and only if Nqn/qd(a) 6= 1, where d = (m,n). In this case, its inverse on Fqn is
L−1(x) =
Nqn/qd(a)
1−Nqn/qd(a)
n/d∑
i=1
a−
qim−1
qm−1 xq
(i−1)m
.
Inspired by the idea in [4, Lemma 4.9], we obtain the main result of this paper.
Theorem 2.3. Let d = (m,n). If f in Theorem 2.1 is a PP of Fqn , then its inverse on Fqn is
f−1(x) = x
(
Nqn/qd(a)
Nqn/qd(xs)−Nqn/qd(a)
n/d∑
i=1
a−
qim−1
qm−1 x
q(i−1)m−1
t
)t
.
Proof. Recall that f(x) = x(xs − a)t. If it is a PP of Fqn , then f(x) = 0 if and only if x = 0. For
any y ∈ F∗qn , there is a unique x ∈ F
∗
qn such that f(x) = y, namely,
x(xs − a)t = y. (1)
Hence y/x is a t-th power of an element of F∗qn . Assume y/x = (z
−1)t for some z ∈ F∗qn . Then
x = yzt. Substituting it into (1), we obtain
((yzt)s − a)t = (z−1)t, i.e., (yszq
m
− az)t = 1,
where the condition st = qm − 1 is used. Then
yszq
m
− az = ωk, k = 0, 1, . . . , t− 1,
where ω is a primitive t-th root of unity of Fqn . We next consider the equivalent expression
zq
m
− (ay−s)z = ωky−s, k = 0, 1, . . . , t− 1. (2)
Recall that d = (m,n) and s¯ = (s, qn − 1). Since
qd − 1 = q(m,n) − 1 = (qm − 1, qn − 1) = (st, qn − 1)
= (s, qn − 1)(t, (qn − 1)/(s, qn − 1)) = s¯(t, (qn − 1)/s¯),
we have q
n−1
qd−1
(t, (qn − 1)/s¯) = (qn − 1)/s¯. By Theorem 2.1, if f is a PP then a(q
n−1)/s¯ 6= 1, and so
Nqn/qd(ay
−s)(t,(q
n−1)/s¯) = (ay−s)(q
n−1)/s¯ = a(q
n−1)/s¯ 6= 1. (3)
2
Hence Nqn/qd(ay
−s) 6= 1, i.e., Nqn/qd(a) 6= Nqn/qd(y
s). It follows from Theorem 2.2 and (2) that
z =
Nqn/qd(ay
−s)
1−Nqn/qd(ay−s)
n/d∑
i=1
(ay−s)−
qim−1
qm−1 (ωky−s)q
(i−1)m
=
Nqn/qd(a)
Nqn/qd(ys)−Nqn/qd(a)
n/d∑
i=1
a−
qim−1
qm−1 ωky
q(i−1)m−1
t ,
(4)
where we use the fact ωq
m
= ωst+1 = ω. The proof is completed by substituting (4) into x = yzt.
In fact, the inverse f−1(x) can be written as the following form.
Corollary 2. If f in Theorem 2.1 is a PP of Fqn , then its inverse on Fqn is
f−1(x) = x
(
Ag(x)h(x)
)t
,
where
A =
Nqn/qd(a)
1− a(qn−1)/s¯
, (5)
g(x) =
u∑
ℓ=1
Nqn/qd(a)
u−ℓx
qn−1
qd−1
s(ℓ−1)
, (6)
h(x) =
n/d∑
i=1
a−
qim−1
qm−1 x
q(i−1)m−1
t , (7)
d = (m,n), s¯ = (s, qn − 1) and u = (t, (qn − 1)/s¯).
Proof. Because bu − cu = (b − c)
∑u
ℓ=1 b
ℓ−1cu−ℓ, for all x ∈ F∗qn we have
(Nqn/qd(x
s)−Nqn/qd(a))
−1
=
(
Nqn/qd(x
s)u −Nqn/qd(a)
u
)−1 u∑
ℓ=1
Nqn/qd(x
s)ℓ−1Nqn/qd(a)
u−ℓ
(3)
= (1− a(q
n−1)/s¯)−1
u∑
ℓ=1
Nqn/qd(a)
u−ℓx
qn−1
qd−1
s(ℓ−1)
.
This completes the proof.
3. The case t = 2, 3
We first consider the case t = 2, i.e., f(x) = x(x
qm−1
2 − a)2.
Lemma 1. Let a be odd, 1 ≤ m ≤ n and d = (m,n). Then
(
(am − 1)/2, an − 1
)
=
{
ad − 1 if m/d is even,
(ad − 1)/2 if m/d is odd.
Proof. Since (am − 1)/(ad − 1) =
∑m/d
ℓ=1 (a
d)ℓ−1 and a is odd, (am − 1)/(ad − 1) is an integer with
the same parity as m/d. Then
2
(
(am − 1)/2, an − 1
)
=
(
am − 1, 2(an − 1)
)
= (am − 1, an − 1)
(
2, (am − 1)/(am − 1, an − 1)
)
= (ad − 1)
(
2, (am − 1)/(ad − 1)
)
= (ad − 1)(2,m/d).
This completes the proof.
3
Theorem 3.1. Let f(x) = xq
m
− 2ax
qm+1
2 + a2x, where a ∈ F∗qn , q is odd, 1 ≤ m ≤ n − 1. Let
d = (m,n) and
h2(x) =
∑
1≤i≤j≤n/d
a−
qim+qjm−2
qm−1 bijx
q(i−1)m+q(j−1)m
2 ,
where
bij =
{
1 if i = j,
2 if i < j.
(8)
(i) If m/d is even, then f is a PP of Fqn if and only if Nqn/qd(a) 6= 1. In this case, the inverse of
f on Fqn is
f(x)−1 =
Nqn/qd(a
2)
(1−Nqn/qd(a))2
h2(x).
(ii) If m/d is odd, then f is a PP of Fqn if and only if Nqn/qd(a
2) 6= 1. In this case, the inverse of
f on Fqn is
f(x)−1 =
Nqn/qd(a
2)
(1−Nqn/qd(a2))2
g2(x)h2(x), (9)
where
g2(x) = Nqn/qd(a
2) + 1 + 2Nqn/qd(a)x
qn−1
2 .
Proof. Clearly, f(x) = x(x
qm−1
2 − a)2, and so s = (qm − 1)/2 and t = 2. Recall that d = (m,n),
s¯ = (s, qn − 1) and u = (t, (qn − 1)/s¯).
If m/d is even, then s¯ = qd − 1 by Lemma 1. According to Corollary 1, f is a PP of Fqn if and
only if Nqn/qd(a) 6= 1. It follows from (m/d, n/d) = 1 that n/d is odd. Then
u = (2, (qn − 1)/(qd − 1)) = (2, n/d) = 1.
Substituting s, s¯, u into Corollary 2, we obtain A = Nqn/qd(a)/(1−Nqn/qd(a)) and g(x) = 1.
If m/d is odd, then s¯ = (qd − 1)/2 by Lemma 1, and so u = 2. According to Corollary 1, f is a
PP of Fqn if and only if Nqn/qd(a
2) 6= 1. Substituting s, s¯, u into Corollary 2, we have
A = Nqn/qd(a)/(1−Nqn/qd(a
2)) and g(x) = Nqn/qd(a) + x
qn−1
2
for all x ∈ F∗qn , and so (g(x))
2 = g2(x).
It is now sufficient to show that h2(x) = x(h(x))
2 . In fact, it follows from the identity
( ∑
1≤i≤ℓ
xi
)2
=
∑
1≤i≤ℓ
x2i +
∑
1≤i<j≤ℓ
2xixj =
∑
1≤i<j≤ℓ
bijxixj , (10)
where bij is defined by (8) and xi = a
−
qim−1
qm−1 x
q(i−1)m−1
2 .
Applying Theorem 3.1 to qm = 5, 7, we arrive at the following examples.
Corollary 3. Let f(x) = x5 − 2ax3 + a2x, where a ∈ F∗5n. Then f is a PP of F5n if and only if
a(5
n
−1)/2 = −1. In this case, the inverse of f on F5n is
f−1(x) = 2a
5n−1
4 x
5n−1
2
∑
1≤i≤j≤n
a−
5i+5j−2
4 bijx
5i−1+5j−1
2 .
Corollary 3 can also be obtained from [4, Lemma 4.9] and the identity (10).
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Corollary 4. Let f(x) = x7 − 2ax4 + a2x, where a ∈ F∗7n. Then f is a PP of F7n if and only if
a(7
n−1)/3 6= 1. In this case, the inverse of f on Fqn is
f(x)−1 =
(
4a
7n−1
6 x
7n−1
2 − 2a−
7n−1
3
) ∑
1≤i≤j≤n
a−
7i+7j−2
6 bijx
7i−1+7j−1
2 .
Proof. Denote ω = a(7
n
−1)/3. Then ω + 1 = −ω2 and (1 − ω)2 = −3ω. Inserting them into (9)
completes the proof.
Finally, we consider the case t = 3. Applying Corollary 2 to qm = 7 and t = 3, we obtain the
following result.
Corollary 5. Let f(x) = x7 − 3ax5 + 3a2x3 − a3x, where a ∈ F∗7n. Then f is a PP of F7n if and
only if a(7
n
−1)/2 = −1. In this case, the inverse of f on Fqn is
f(x)−1 =
(
3(ax4)
7n−1
6 − 3(ax)
7n−1
3 − 2
)
h3(x)
where
h3(x) =
∑
1≤i≤j≤m≤n
a−
7i+7j+7k−3
6 bijkx
7i−1+7j−1+7k−1
3 ,
bijk =


1 if i = j = k,
3 if i = j < k or i < j = k,
6 if i < j < k.
(11)
Proof. Clearly, f(x) = x(x2 − a)3, and so s = s¯ = 2, t = u = 3. By Corollary 1, f is a PP of Fqn if
and only if a(7
n−1)/2 = −1. Substituting them into Corollary 2, we obtain A = 4a
7n−1
6 and
g(x) = a
7n−1
3 + a
7n−1
6 x
7n−1
3 + x
2(7n−1)
3 .
Hence A3 = −1 and (g(x))3 = −3(ax4)
7n−1
6 + 3(ax)
7n−1
3 + 2 for all x ∈ F∗qn . It is now sufficient to
show that h3(x) = x(h(x))
3. In fact, it follows from the identity
( ∑
1≤i≤ℓ
xi
)3
=
∑
r1+···+rℓ=3
(
3
r1, . . . , rℓ
)
xr11 · · ·x
rℓ
ℓ
=
∑
1≤i≤ℓ
x3i +
∑
1≤i<k≤ℓ
3(x2i xk + xix
2
k) +
∑
1≤i<j<k≤ℓ
6xixjxk
=
∑
1≤i<j<k≤ℓ
bijkxixjxk,
where bijk is defined by (11) and xi = a
− 7
i
−1
6 x
7i−1−1
3 .
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